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We study the relationship between bipartite quantum discord in absence of entanglement and 
tripartite entanglement in the purified system. For qubits, we find that quantum discord requires 
the presence of both bipartite and genuinely tripartite quantum entanglement in the purified system. 
We consider generalizations of this result which then also allow us to explore the link between 
entanglement, discord and classical correlations in Gaussian states. Finally, we devise a protocol to 
remotely control the quantum discord resources available in a bipartite system AB. 



I. INTRODUCTION 

Quantum computation is believed to outperform its 
classical counterpart in its information processing effi- 
ciency. The resource most commonly associated with this 
improved performance is quantum entanglement. Op- 
erationally, entangled states are those which cannot be 
prepared through local operations and classical commu- 
nication pp. Equivalently, they are those states which 
cannot be written in the form J2kP k PA ® P%' i- e - no ^ 
separable. Entanglement is, however, difficult to create 
and manipulate in practice and this therefore greatly lim- 
its its theoretical benefits. 

Recently it has become understood that entanglement 
is not the only correlation-resource capable of allowing a 
quantum speed-up. There exist quantum computational 
models which involve mixed, separable states such as 
the deterministic quantum computation with one qubit 
(DCQf) [2J. The resource believed to provide an en- 
hancement in these contexts is the so-called quantum dis- 
cord, denoted D(A,B). Discord is thought of as a gen- 
eralized measure of quantum correlations, and therefore 
includes entanglement as a subset [3]. The nullity con- 
dition for discord D(A, B) is more restricted than that 
for entanglement; specifically D(A, B) — iff the state 
can be written in the form ^2 k PkPA ® W) b (M' wnere 
{|fc) B } form an orthogonal set. A similar condition holds 
for the nullity of D(B, A), and in general one can be zero 
while the other finite. It is known that for pure states, 
the discord becomes a measure of entanglement, more 
specifically, the entanglement entropy. For mixed states, 
however, it is not completely clear how discord is related 
to entanglement. 

Given that discord without entanglement can only 
arise in a mixed state, we will here examine discord in 
terms of the entanglement found in its purification. We 
will find that, at least for qubit systems, 2-partite dis- 
cord is intimately related to tri-partite entanglement in 
the purified system. If this finding generalizes, it may 
open the door to perhaps understanding n-partite entan- 
glement in terms of (n-1) partite entanglement plus dis- 
cord. This in turn could provide valuable new measures 
of discord and multi-partite entanglement and relation- 



ships between them. For example, we here find a close 
connection between the asymmetry of bi-partite discord 
and entanglement monogamy. We also propose a proto- 
col to remotely increase quantum correlations of purely 
discord type between two distant parties. 

Concretely, let us consider the simple scenario of pure, 
3-qubit states \tp) ABC such that the reduced AB system, 
Pab, is separable. Our goal is to understand the presence 
of quantum discord in pab in terms of the entanglement 
structure of \iP)abc- There are several motivations be- 
hind this. Firstly, since in the case of pure states the dis- 
cord is equivalent to the entanglement entropy we should 
expect that the presence of discord in pab, despite the 
lack of entanglement, must arise via entanglement in its 
purification \ip) ABC - Secondly, as we already mentioned, 
if we can indeed find a link between discord and purified 
entanglement then this may lead to a better understand- 
ing of and/or new measures of multipartite entanglement. 
The reason we choose to restrict pab to be separable is 
that, were it entangled, it would also be trivially discor- 
dant and we would not be able to attribute the presence 
of discord to entanglement in its purification. By restrict- 
ing to separable states we are able to identify necessary 
and sufficient conditions on the purified entanglement in 
order for pab to have nonzero discord. Interestingly, we 
find that the presence of discord requires the purification 
to contain both bipartite and genuine tripartite entan- 
glement. 

In Sec. [n] we give a proof of these conditions for the 
previously discussed 3-qubits \iP)abc- Although limiting 
to 2-dimensional systems may seem quite restricted, we 
are also able to show that one of the conditions holds in 
general. In Sec. |III| we use these findings to motivate 
the investigation of discord and purified entanglement 
in the class of Gaussian continuous-variable states. In 
particular, we will use our findings to shed light on a 
quite remarkable property of discord in Gaussian states: 
that it is zero if and only if we have a product state - 
which means that there are no correlations (classical or 
quantum) present. We will confirm that the results found 
in Sec. |ll] also hold for Gaussian states, or at least for 
the restricted class that we consider. 

Finally, inspired by our findings in the former sections, 
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in Sec. IV we devise a protocol to allow remote control 



over quantum resources, in the form of discord, shared by 
two partners. Namely, we consider two qubits A and B 
with no quantum correlations whatsoever between them. 
One is given to Alice (j4) and the other is sent to Bob 
(B). If Alice does not want Bob to make use of quan- 
tum resources before she decides to authorize commu- 
nication, it would be very convenient for Alice to have 
a means to 'remotely activate' quantum correlations be- 
tween her and Bob's qubit, but without access to the 
latter. To achieve this, Alice is given another purifying 
qubit C that shares tripartite entanglement with A and 
B. We find that by acting on the AC system Alice is able 
to introduce quantum discord between A and B, despite 
there being no initial quantum correlation and with Al- 
ice having no access to B. In Sect. [V]we provide some 
concluding remarks. 



II. ENTANGLEMENT STRUCTURE AND 
DISCORD 

In this section we present our primary result, which will 
then be used to motivate the discussions in later sections. 
Here we restrict ourselves to the very simple system of a 
pair of qubits that are in a rank-2 state pab , such that its 
purification abc w * u cons ist of only one extra qubit 
C. We further require the state pab to be separable. 
This is because we want to understand how the presence 
of discord between A and B is to be understood in terms 
of the entanglement structure of the purified system. If 
we were to allow entanglement between between A and 
B then this would trivially imply nonzero discord and 
there would therefore be no necessary conditions on the 
purified system to ensure the presence of discord. 

To this end we can write the most general (up to rela- 
tive phases) two-qubit, rank-2, separable state as 

PAB = q |0) (0| ® |0) (0| + (l-q) \a) (o| ® |/3) (/3| , (1) 



where < q < 1 and 



\a) = cos a |0) + sin a |1) 
|/3) =cos^|0) + sin/3 |1) 



(2) 
(3) 



are real combinations of the basis states |0) and We 
don't consider the cases when q = {0, 1} because then 
Pab will be a (pure) product state and thus will trivially 
have zero discord. Note that we don't lose any general- 
ity by choosing the first projector to be |0) (0| ® |0) (0|. 
Also note however that we have lost generality by not 
including a relative phase between the two terms and by 
assuming that |a) and |/3) are real combinations of the 
basis vectors. This exclusion will not affect the primary 
result presented here, as will be explained below. 

We now ask under what circumstances pab contains 
discord. Recall that the discord D(A,B) when B per- 
forms the required measurement is not generally equiv- 
alent to the discord D(B,A) when A performs the mea- 
surement. Indeed one can be zero while the other is 



nonzero. Clearly in our state of interest both of the dis- 
cords will be trivially zero if |a) = ± |0) or |/3) = ± |0) 
because in this case pab is a product state. Aside from 
this we know that D{A 1 B) = identically if (/3|0) = 
[I], i.e. if |/3) = ± |1). A similar condition holds for 
D(B, A) = 0. Concisely we can state 



iff {|/3> 



±11) 



D(A, B) = 
or | a) = ± |0) or 



and 



iff {|a) 



±11) or la) 



D(B, A) = 
±|0) or 



±|0)}, (4) 



±|0)}. (5) 



The goal is now to compare these possibilities with 
those of the entanglement structure of the purification 
IVO abc- Without loss of generality the purification is 

IV>W = ^|0)|0)|0) + V /T^H|/3)|1) (6) 

Let us now consider from this the reduced state pac- 
Tracing over B and labeling c a = cos a etc, we have 



Pac 
( 



q \/q0- - q)c/3c a o y/q(i - q)c l3 s a \ [ 

y/q{l - q)cpc a (1 - q)c 2 a (1 - q)c a s a 




Wli 1 ~ q) c P s a (l-q)c a s a (l-q)s 2 a ) 

(7) 

The partially transposed eigenvalues of pac can then be 
readily computed and it is found that only one of the 
four, which we will call A, can ever be negative. Recall 
that since pac has dimension 2x2 the positive partial 
transpose criterion is both a necessary and sufficient con- 
dition for separability [5] . Thus pac is entangled iff A is 
negative. From this it is easy to show that pac is al- 
most always entangled, being separable iff a = {0, 7r} or 
/3 = {vr/2,37r/2}, i.e. iff \a) = ± |0) or |/3) = ± |1). Ad- 
ditionally it becomes trivially separable if q is equal to 
or 1, but we will not consider this case. The separability 
of Pbc follows similar conditions. Concisely: 

Pac is separable iff {\a) = ± |0) or \(3) = ± |1)}, (8) 
Pbc is separable iff {|/3) = ± |0) or \a) = ± |1)}. (9) 

Let us further consider the separability of pACy be- 
cause the two different conditions for separability mean 
two very different things. We see that the first condi- 
tion, | a) = ± |0), coincides with the A system being a 
product onto the BC system; under this condition the 3- 
qubit state takes the product form \ip) ABC = \0}®\ij} BC - 
Of course in this case pab is separable, as we've seen, 
but it also clearly has zero discord and we see that this 
is compatible with Eqs. (4|5). The second condition, 
|/3) = ± |1), is much more interesting. In this case the re- 
duced state of A is mixed rather than pure, meaning that 
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FIG. 1. The relationship between the entanglement structure of \ip) ABC and the discord in pab- For given conditions on \a) 
and |/3) we display the resulting entanglement structure and the results for the discords D(A, B) and D(B, A). In the structure 
diagrams an ellipse represents the presence of bipartite entanglement while a triangle represents the presence of tripartite 
entanglement. 




FIG. 2. The behavior of discord and bipartite negativity as we move in the (a, /3) plane along a trajectory of constant tripartite 
entanglement ttabc = 0.2. tp € [0, 2-7r) is a variable used to parameterize the trajectory through (a, /3) space. 



despite A not being entangled with B nor with C it is 
entangled with the BC system as a whole. In fact, in this 
case we have genuine tripartite entanglement occurring 
in the state IV^abc as can be confirmed by computing 
its 7r-tangle [B]. 

We can take the conditions for zero discord and sepa- 
rability in Eqs. ( |4|5[ ) and (8[9) respectively and find that 
they match up very nicely; we display the resulting pat- 
tern in Fig. [T] There are two interesting things to notice 
from this pattern. Firstly, at least in the simple setting 
we are considering here, it appears that the presence of 
discord in pab requires the presence of both bipartite en- 
tanglement and tripartite entanglement in the purified 
system (notice that when there is no bipartite entangle- 
ment, i.e. a GHZ type state |000) + |1H), there is no 
discord). Secondly we very clearly see the asymmetry of 
discord D(A,B) ^ D(B,A) represented in the entangle- 
ment structure. 

As an important note, recall that we neglected to in- 
clude relative phases in our state Q. In the analysis 
we've done here this is not a problem and the structure 
in Fig. [I] will continue to hold if phases are included. 
The reasons for this are that 1) the nullity of discord 
depends only on the orthogonality the projectors in Eq. 
([I]), which for us will not be affected by phases and 2) 
the partially transposed eigenvalues do not depend on 
any relative phases and thus the entanglement structure 
of \tp) ABC will be independent of them as well. Thus we 
are justified in using the simplifying assumption of no 



phases, reducing our phase space from six dimensions (q, 
a and /3 plus three phases) down to three dimensions. 

As an aside, it is interesting to examine how the dis- 
cords D(A, B), D(B, A) quantitatively relate to the nega- 
tivities Mac, Mbc and the 7r-tangle ttabc- The structure 
seen in Fig. [T] would seem to suggest that an increase in 
D(A, B) (that is, considering two different states of the 
form Q with differing discord) should be accompanied 
either by an increase in Mac or in ttabc, or both. Simi- 
larly D(B, A) seems that it should increase with increas- 
ing Mbc or ttabc, or both. To test this we set q = 1/2 
and we consider two trajectories through the (a, (3) plane 
characterizing our state. One of these is a path of con- 
stant ttabc and the other is a path of constant Nac- We 
then plot the remaining quantities as functions of an arbi- 
trary parameter if that parameterizes these paths. This 
will let us, for example, deduce how D(A,B) changes 
as Mac changes but while ttabc is kept at a constant, 
nonzero value. 

These plots are displayed in Fig. [2] where we keep con- 
stant ttabc = 0.2, and in Fig. [3] where we keep constant 
Mac = 0.1. In Fig. [2] we observe the behavior that 
was expected, namely D(A, B) is perfectly monotonic 
with Mac and D(B, A) is perfectly monotonic with Muc- 
in Fig. [3] however we find something rather different, 
namely we find that that neither D(A,B) nor D(B,A) 
is always monotonic with ttabc- This is not surprising 
in the case of D(B, A) because, as we see, the negativity 
Mbc (which we know feeds D(B, A)) experiences a dra- 
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FIG. 3. The behavior of discord, negativity, and 7r-tangle as we move in the (a, 0) plane along a trajectory of constant bipartite 
entanglement Mac = 0.1. tp £ [0, 2tt) is a variable used to parameterize the trajectory through (a,/3) space. 



matic decrease. It is surprising, however, that we also see 
a decrease in D(A, B) during this period, despite Mac re- 
maining constant and n abc increasing. Evidently, while 
Mbc does not play a role in the nullity of D(A,B), as 
seen from Fig. [lj it does generally contribute to its value. 

There is another interesting observation that can be 
made from Fig. [2j For a fixed value of purely tripar- 
tite correlations, since discord D(A, B) increases with 
entanglement Mac an d D(B, A) increases with entangle- 
ment Abcs we notice that the fundamental asymmetry 
between D(A,B) and D(B,A) stems from the entangle- 
ment monogamy principle (Mac and Mbc are anticorrc- 
latcd). 

Although we have shown the validity of the structure 
seen in Fig. [T] in only a very restricted system and class 
of states, namely rank-2 states of a two-qubit system, it 
is tempting to postulate that such a structure holds for 
more general systems as well. In fact, it is easy to show 
that two of the statements hold true in general: if AC 
is separable, then D(A, B) = and if BC is separable, 
then D(B,A) = 0. To show this, recall the expression 
for D(A, B) [7] 

D(A,B)=Eac + Sb-S c , 

where E is the entanglement of formation and S the 
von Neumann entropy. The corresponding expression for 
D(A,C) is 

D(A,C) =E ab + Sc-S b . 

Together, these yield 

D(A, B) + D(A, C) = E AC + E AB , 

but in our case Eab = to begin with, and if AC is also 
separable then D(A, B) + D(A, C) = D(A, B) = 0, 
since discord is always non-negative. A similar argument 
can be made for the BC separable case. 



III. UNDERSTANDING THE VANISHING OF 
DISCORD IN GAUSSIAN STATES 

So far, we have shown the structure in Fig. [T] for 3- 
qubit systems. The validity of two of the requirements for 
such a structure in general motivates us to look for other 
classes of states for which this structure holds. To this 
end we consider a restricted class of Gaussian states and 



find that the structure in Fig. [T] holds true. This find- 
ing also sheds light on a peculiar property of quantum 
discord in Gaussian states. In particular we consider the 
quantum discord in two-mode Gaussian states, which are 
known to have the property that the discord vanishes if 
and only if the state is a product state, as first suggested 
in [5] and later proven in [3]. This is a rather surprising 
result, especially in light of the fact that Gaussian states 
are often considered to be the most classical of quan- 
tum states. It seems however that in such states it is 
impossible to banish quantum correlations without also 
eliminating any trace of classical correlations. We will 
find that, again for a rather restricted class of Gaussian 
states, this property is consistent with the entanglement 
structure of the purified system. This finding not only 
provides support for the generality of the structure in 
Fig. [I] but also gives insight into this strange property 
of Gaussian states. 

We will first give a very brief introduction to Gaus- 
sian states, focusing only on the concepts necessary for 
our purposes here. For a more complete introduction the 
reader is referred to jlOLIll] . among many other resources 
available in the literature. In short, such states are an im- 
portant class of continuous-variable states for which the 
characteristic phase space functions are Gaussian. This 
means that they can be fully characterized by their first 
and second quadrature moments, which are typically ar- 
ranged in the covariance matrix, the elements of which for 
an A-mode state are (J(ij) = (AjAj + XjXi) — 2(AT i )(XA 
where X = (xi,p2, ■ ■ ■ xn,Pn) is a the vector containing 
the 2N quadrature operators. For a two-mode Gaussian 
state pab the covariance matrix is of the form 



a 7 



(10) 



where a and j3 are the 2x2 covariance matrices cor- 
responding to the reduced states pa — ^bPab and 
Pb = T^aPab, which are guaranteed to also be Gaus- 
sian. The matrix 7 encodes the correlations between A 
and B, both quantum and classical. Higher- mode states 
are similarly defined. Note that finding reduced states is 
trivially easy in this formalism; one simply neglects the 
rows and columns associated with the modes one chooses 
to trace over. For two mode Gaussian states, like two- 
qubit states, we have a necessary and sufficient PPT cri- 
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terion for determining separability that reads [12j 
Aab < 1 + detaAB, 



(11) 



where Aab = det a + det (3 — 2 det 7. 

Unitary transformations in the Hilbert space p — > 
UpU' are represented in the phase space picture by sym- 
plectic transformations a — > SaS T , where the matrix S 
is required to satisfy SY,S T — S T Y,S = £ and where for 
TV-modes £ is the symplectic form 



(12) 



For any N-mode Gaussian state we can find a symplec- 
tic transformation that brings the covariance matrix into 
the diagonal form [13] (the so called Williamson normal 
form) a = diag(^i, v\, v<i, z/2, . . . vn, ^n)i where the num- 
bers Vi are the state's symplectic eigenvalues which can 
be computed as the eigenvalues of the matrix |i£cr|. 

In Gaussian states the uncertainty principle takes the 
form Vi>\ for all i. Furthermore the symplectic eigen- 
values encode the mixedness of the state, where = 1 
for all i corresponds to a pure state, and more generally 
the purity of a state is given by Tip 2 — flt^i • Note 
therefore that pure Gaussian states saturate the uncer- 
tainty relation, and more generally the uncertainty in a 
state above that imposed by the uncertainty principle is 
due only to possible mixedness, corresponding to classi- 
cal uncertainty. This is why Gaussian states are often 
considered the "most classical" of quantum states. 

Our goal is to consider two mode Gaussian states and 
their purification in the hopes that we can find consis- 
tency, similar to Fig. [T] between the fact that quan- 
tum discord in Gaussian states vanishes only for product 
states and the purified entanglement structure. Through 
the action of local symplectic transformations we can al- 
ways cast a two-mode covariance matrix into the form 



o~ab 



/a c 0\ 

a d 

c b 

K d bj 



(13) 



where a and b are the symplectic eigenvalues of the re- 
duced states pa and ps, respectively. This state is a 
product state if and only if c = d = 0. 

Similar to qubits, we will constrain ourselves to a re- 
stricted class of states. Namely, we will consider separa- 
ble states that can be purified with only a single extra 
mode. Regarding the separability condition, for compu- 
tational simplicity we will further restrict ourselves to 
states for which c = d. This condition guarantees sepa- 
rability, but it does not account for all separable states. 
Given this, our necessary and sufficient criterion for oab 
being a product state is c = 0. Note that if a = 1 or b = 1 
we also have a product state, since this corresponds to 
Pa or pb being pure, however in this case the uncertainty 
relation reduces to c = 0, so these conditions for having 



a product state are in fact equivalent. In order for a ab 
to be purified with one additional mode we also require 
that one of its two symplectic eigenvalues be equal to 
unity; let this be i^i = 1. This is equivalent to the con- 
dition of the qubit state being rank-2 from the previous 
section. Imposing these restrictions and computing the 
symplectic eigenvalues we are able to find the equalities 



c 2 + a 



1 



a- 1 



V-2 



c 2 + a(a - 1) 
a - I ' 



(14) 



That is, the condition v\ = 1 along with c = d reduces 
our system to only two free parameters, which we have 
chosen to be a and c. 

In order to perform the purification we must first put 
the two-mode state into its Williamson normal form, 
namely o~^Q = diag(l, 1, v, v). This can be performed 
by a symplectic transformation on the AB system. In 
particular, we find the symplectic matrix that satisfies 
Sabo-^b S'ab = a AB is of the form 



Sab = 



Vc 2 + {a- l) 2 



( -c a - 1 

-c a-1 

a - 1 c 

V a-1 c 



(15) 



The purified state IV^abc involving three modes ABC, 
has a covariance matrix that is given in a form essentially 
equivalent to a Schmidt decomposition [14] : 



AS) _ 

'ABC ~ 



' (W) N 
AB TV 

,7J W t 



(16) 



where a 



(W) 

c 



diag(i/, v) is the covariance matrix of the 



reduced C state and 



( 


V^ 2 - 1 
V -V^^iJ 



(17) 



Note that, as must be the case, the mixedness of the mode 
C is equivalent to that of the two-mode AB state. If in 
doubt, one can easily compute the symplectic eigenvalues 
of 

a ^ABC an( l connrm that they are all unity, meaning that 
the three-mode state is pure. Note also that if v = 1, 
meaning that pab and pc are pure, then the correlation 
matrix 7„ vanishes as it must. 

In order to examine the entanglement structure in the 
purified system, namely the entanglement in the states 
Pac and pbc, we must reverse the symplectic transfor- 
mation that we used to put a ab into normal form since 
in doing so we have mixed the modes A and B. That is, 



() 



we need the ABC state in the form 

oabc = (Sab © IcWaIc^ab © la) 
_ ( Sab^ab ^ab SabIv \ 



v (SabJv) t <j c 

O 'AB SabIv 



(W) 



(18) 



With this matrix in hand we are easily able to compute 
the covariance matrices ctac an d &bc by simply elimi- 
nating the rows and columns associated with B and A 
respectively. We can then check the separability of these 
states using the criterion in Eq. (111. For both reduced 



states it is easy to show that they are separable if and 
only if c = 0, in which case Eq. ( 11 ) is saturated. That 
is, pac an d Pbc ar e separable if and only if pab is a 
product state. We can similarly check the presence of 
genuine tripartite entanglement in the ABC system. For 
this we will use the measure of tripartite entanglement 
known as the residual Gaussian cotangle [15j . We will 
not include its rather unsightly form here, however the 
reader may find it on Pg. 8 of [TS]. The result is that the 
tripartite entanglement between A, B and C similarly 
vanishes if and only if c = 0. 

In summary, the bipartite entanglement in the AC and 
BC systems, as well as the tripartite entanglement in the 
pure ABC system, each vanish if and only if the AB sys- 
tem is a product state. We also know that in Gaussian 
states the quantum discord between A and B vanishes if 
and only if it is a product state. We have thus found that 
Gaussian states, or at least the restricted set of Gaus- 
sian states that we have considered, satisfy the relation 
between discord and purified entanglement displayed in 
Fig. [I] This provides some partial support for the possi- 
bility of this structure being a general property of quan- 
tum states, and furthermore it provides an alternative 
route to understanding the surprising result that discord 
in Gaussian states vanishes only for product states. 



IV. PROTOCOL FOR REMOTE ACTIVATION 
OF DISCORD 

Taking the result found in Section [TT] as inspiration, 
here we devise a simple protocol to locally increase dis- 
cord between two distant parties that initially have no 
quantum correlations. This would be useful in a scenario 
in which Alice needs to share quantum resources with a 
distant partner Bob but she does not want Bob to be able 
to utilize those resources unless previously authorized by 
Alice. 

It is known that it is possible to remotely activate en- 
tanglement in this sense: Assume that Alice and Bob are 
seperated by a large distance and initially do not share 
any quantum correlations. Further assume that Bob is 
entangled with a system C. Then, Alice may 'activate' 
entanglement between her and Bob by locally interact- 
ing with C. For example, Alice and Bob can be chosen to 



be Unruh deWitt detectors, system C can be chosen to 
be the vacuum state, and a suitable interaction protocol 
is then that of entanglement swapping from the vacuum 
[TBti21j . Notice that no tri-partite entanglement is re- 
quired here. It is not even necessary for A, C and B, C 
to be entangled. Namely, as was shown in [22], A,B 
entanglement can be established withouit prior entangle- 
ment, namely if A, C and B, C are merely discorded - 
and if in addition the crucial condition holds that A, B 
started out discorded. 

Now, let us ask under which conditions, if Alice and 
Bob start without any quantum correlations, Alice may 
'activate' A, B discord with Bob. Interestingly, we find 
that this is possible and it requires only tri-partite 
A,B,C entanglement. 

To see this, let us consider two partners Alice (who 
possesses some qubit A and an ancillary qubit C) and 
Bob (who has a qubit B), such that A and B have no 
quantum correlations. Recalling Fig. [2j we see that if the 
ABC system is prepared to have tripartite entanglement 
then if Alice is able to introduce entanglement between 
A and C without destroying the tripartite entanglement 
this will produce discord between A and B. Since Alice 
has access to both A and C she is indeed able to inject 
such correlations into the system via a unitary operation. 
The advantage of this protocol is that Alice can remotely 
deny or allow any quantum information tasks that may 
be performed between her and Bob making use of these 
resources. 

To demonstrate this explicitly we start by preparing a 
three qubit state of the form 



'ABC 



= y?|ooo> + vT=?|in) 



(19) 



which is separable between A and B. It also has zero 
quantum discord D(A, B) which we plan to increase. As 
usual we omit q = 0, 1 as these cases are trivial. We also 
omit q — 1/2 because entanglement AC is zero when 
ABC is maximally entangled. In addition to AB be- 
ing separable, all other bipartite subsystems of this state 
are also separable and the 7r-tangle is ttabc = <z(l — 
Assuming we can keep ttabc constant then we expect 
discord D(A,B) to be monotonically correlated with en- 
tanglement AC, as indicated by Fig. [2] As such, max- 
imizing the increase in entanglement between A and C 
will maximize the resulting discord between A and B. 

For example, consider acting on |V')abc w ith the uni- 
tary Uac © Ib , where 



U AC (t) = 



/ cos t — sin t 

10 

1 

\ sini cost. 



This transformation leaves entanglement AB, BC and 
ABC unchanged, while modifying entanglement AC. 
Note however that this statement is only correct when 
our state is of the form Eq. (19 1; more generally entan- 
glement in AB, BC and ABC will also be modified. This 
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D(A,B) 
0.12 

0.06 




FIG. 4. Discord D(A, B) and entanglement AC following the 
unitary UAcit) being applied to the AC system 



said, the main result of this section, namely the ability 
to remotely activate quantum correlations, still holds in 
general. Plotting Mac and D(A,B) in Fig. [I] for the 
transformed state as a function of t confirms that the 
discord AB is totally correlated with the entanglement 
AC. 

The Hamiltionian that generates this unitary evolution 



U AC (t) = e - mAct / h is given by 



■Hac 



/0 -t 





V i 0, 



and in fact any Hamiltonian evolution on the AC system 



of our state 



I ABC 



of the form 



Hah — h 



I h Q0 








/l03 





h n 


hu 








K2 


h-22 





\h* 03 








h,33 



l AC 



will have the effect of leaving the 7r-tangle and all bi- 
partite entanglements other than AC constant, and thus 
can be used to increase the discord D(A, B) of \4')abc- 
By controlling the degrees of freedom in Wag we are 
able to modify the shape of the curves in Fig. [4] while 
maintaining monotonic correlation between D(A, B) and 
Mac- By appropriately choosing the time and Hamilto- 
nian of evolution mediating in the AC system Alice can 
thus have good control over the amount of discord that 
she injects between herself and Bob. 

We have shown that we have a protocol for increas- 
ing discord between two parties, which initally have no 
discord, without acting at all on one of the parties. Tri- 
partite entanglement is a necessary resource for this to 
work, but not sufficient because a maximally entangled 
\iP)abc wou ld not work. Not only is this an interesting 
and possibly useful protocol to increase discord, it also 
provides a link between discord and bipartite entangle- 
ment with the environment. 



V. CONCLUSIONS 

We have studied the relationship between the discord 
in an unentangled bipartite system A, B and the bipar- 



tite and tripartite entanglement found in its purification 

A, B. C. 

We have found that both purely tripartite entan- 
glement and bipartite entanglement between A, C (or 

B, C) are necessary to have non-zero discord D(A, B) 
(or D(B, A)). Wc found that there is a trade-off between 
the two directions of discord between A and B. Both 
cannot be large at the same time because their strength 
relies on the strength of the A, C or B,C entanglement 
respectively. However, the A, C and B, C entanglements 
cannot be strong simultaneously because of entanglement 
monogamy. We have therefore shown that the asymme- 
try between D(A,B) or D(B,A) stems from entangle- 
ment monogamy. 

This hierarchy of quantum correlations suggests that 
discord may be characterizable by means of different 
kinds of multipartite entanglement in an extended space 
where we consider the state AB and its environment. We 
thoroughly analyzed the case of two-dimensional systems 
and showed that some results, e.g., the relation between 
the asymmetry of discord and entanglement monogamy 
hold more generally. 

We have also used our findings to obtain insight on the 
behaviour of correlations in Gaussian states reported in 
[8] and [9]. We have observed that, at least for a limited 
class of Gaussian states, the correlation hierarchy found 
in Sect. [TTJdoes apply to these continuous- variable states. 

Lastly, we have used the knowledge gained in previ- 
ous sections to suggest a protocol to remotely control 
the discord quantum resources between two partners A 
and B through increasing bipartite correlation between 
A and a common environment or ancillary system in the 
background of tripartite entanglement. 

Finally, an alternate way to interpret our results sug- 
gests further analysis: Assume that a system B is en- 
tangled with a composite system AC so that there is 
tripartite A, B, C entanglement and A, C entanglement 
but no A, B entanglement. Then, system AC breaks up 
in a way that leaves A and C entangled. Our results 
show that the following is possible: While B does not ac- 
quire entanglement with A from the breakup of the AC 
system, B can acquire discord with A in the breakup. In 
other words, tri-partite entanglement can manifest itself 
on the level of 2-partite quantum correlations as discord. 

It is tempting to conjecture that discord will keep play- 
ing a central role in the relationship between n-partite 
and (n-1) partite entanglement. 

To this end, it should be very interesting to generalize 
our strategy of purifying discord to more than three and 
also larger quantum systems. In fact, it should be pos- 
sible and very interesting, also for practical purposes, to 
investigate the corresponding Hamiltonians, i.e., to study 
which types of interactions give rise to the structures of 
discord and its purification that we consider in this pro- 
gram. 
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